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The M HD theory o f  present magnetic fusion research is briefly reviewed with emphasis on its 
mathematically diffusive character. The importance o f  retaining the Hall effect term, neglected in ideal 
or resistive M HD theory, is stressed. Elliptic M HD theory is critically dismissed. The //a l l  effect, or 
//yperbolic, A/agnetoZ/ydro-Dynamics, HM HD, is shown to follow as the consequence o f  a revision of  
plasma electrodynamics so as to account for the fundamental plasma quasineutrality. The non-validity 
o f  Newton’s third law in charged particle contexts is then central. Previously poorly understood 
phenomena, such as plasma edge effects and magnetic field line reconnection are found to be inherent 
properties in this HM HD plasma description. The “magnetic bottle” principle for high density plasma 
confinement is shown to be physically unsound because there will exist a no-confinem ent plasma bound­
ary region with HM HD theory properties. Arguments for non-thermal fusion, provided by HM HD  
theory, are given.

1. Introduction

A ccord ing  to the usual, single-fluid m agne to ­
hydrodynam ics  (M H D ) p lasm a description a high 
density  an d  high tem pera tu re  p lasm a entity can be 
con f ined  by a magnetic field. This is, o f  course, the 
basic idea o f  magnetic confinem ent therm onuclear  
fusion  research. Specifically, a stable equilibrium 
is th o u g h t  to  exist by the p lasm a pressure grad i­
ent being balanced everywhere by the magnetic 
L o ren tz  force

grad /?  = j x B . (1)

p  is the  p lasm a pressure, j  the p lasm a curren t den­
sity a n d  B  the magnetic field strength.

A n  inde term ina te  or ra the r  negative ou tcom e o f  
this “ m agnetic  bo tt le” conjecture , extensively test­
ed b u t  in secrecy for  nearly one decade, becam e a p ­
p aren t  an d  public at the G eneva C onference in 
1958. A  num ber  o f  magnetic configurations pre­
sented there  have later been tested fu rthe r  with 
limited success. Presently, efforts  are dom ina ted  
by the  to ro ida l  “ T o k a m a k ” bottle,  in spite o f  the 
fact th a t  an  equilibrium according to (1) is m a th e­
m atically  nonexistent for such toroidal conf igura­
tions [1].

* The first version was received in December 30, 1986.
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2. The Ion C ollisionless Skin Depth

A  general experim ental observa tion  is the rela­
t ion  between the character istic  scaling length L  o f  
the m ore  or  less conf ined  p lasm a and  its density n\ 
[2],

A ? /L 2 =  1, A? =  m J n Q e 2n { . (2)

m\  is the ion mass, fi0 the permeabil ity  o f  free 
space, e  the ion charge. Aj is usually called the ion 
collisionless skin dep th  o r  ion p lasm a wave-length 
bu t sometim es also deno ted  the ion inertial length. 
It expresses an  ionic k ind  o f  the L o n d o n  pene tra ­
tion dep th  o f  sup e rco n d u c to r  theory ,  and  for 
p lasm as it gives the shielding distance for  magnetic 
effects by ionic currents .

Aj is no t  only the generally observed an d  large 
field-plasma dynam ic  in te rac t ion  d istance [3]. In 
add i t ion ,  dense p lasm a entities spontaneously  
evolve, by particle emissions, f ilam enta tion ,  
fo rm a tio n  o f  m agnetized  whirls etc. so as to a t ta in  
the  cond it ion  expressed by (2), [4]. Such p h en o m ­
ena have been s tudied  theoretically  very m uch  but 
a lm ost  always in the fo rm  deviations (“ instabili­
ties” , “ anom ali t ie s” , “ s ingularities” ) f rom  an 
initial con f igu ra t ion  obeying M H D  theory. The 
o u tcom e o f  these extensive theoretical efforts  was 
recently judged  [5] by the need for  “ a  still deeper 
unders tand ing  o f  the  physical ph en o m en a  in 
fusion p lasm as.  T he  m ost obvious o f  this kind is 
tha t  o f  t ran sp o r t  in T o k a m a k  p lasm as, which has 
so far  resisted all a t tem p ts  at a generally accepted 
ex p lana t ion” .
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T o  derive the physical an d  m a them atica l  key 
feature o f  classical M H D  theory ,  i.e. the diffusion  
o f  vector fields, one m ay com bine  the very simplest 
version o f  O h m ’s law

j  =  oE ,  a  =  cons tan t  (3)

with tw o generally valid Maxwell equa tions ,  in 
usual SI nota tions:

c u r lE  =  -  d B / d t , (4)

d iv ß  =  0 , (5)

and  a th ird Maxwell equa tion  in its M H D  plasm a,
i.e. low frequency, app rox im ation :

curl/? =  ß 0j  . (6)

The ro ta t ional  p a r t  o f  (3) then yields

\ ' 2B - / u 0o d B / d t  =  0 , (7)

which just describes source-free diffusion  o f  the 
m agnetic field s trength in a m ed ium  with the d if fu ­
sion constan t (w0cr)_1. W ith  increasing conductiv i­
ty the diffusion speed is slowed dow n, to  become 
zero in the limit a  -> oo.

A n  extension o f  (3) to m oving m edia ,  mass ve­
locity V,

j = a ( E + V x B )  (8)

leads in com binat ion  with (4) -  (6) to  a similar d if ­
fusion, decreasing upon  the increase o f  <r, bu t  with 
reference to  the moving mass fram e. A  limit o f ten  
referred to is the Alfven concept o f  perfect conduc­
tivity with the m agnetic  field lines “ f ro z en ” to the 
m oving mass for a - *  oo.

The outlined M H D  theory  p rovide a well-estab­
lished description o f  field dynam ics in liquid con­
ductors  and  metals. In con tras t ,  even for  highly 
conducting  p lasm as its applicabili ty  ranges be­
tween acceptable an d  misleading. This should  
hard ly  be surprising. A  deriva tion  o f  the equa tion  
for charge transpo r t  in a m agnetized p lasm a with 
particle species m o m e n tu m  tran sp o r ts  as the s ta r t ­
ing equations (see any basic p la sm a  text-book) 
proves (8) to be all too  simplified. A  poin t  seldom 
m ade in textbooks, however, is tha t  “ freezing” o f  
m agnetic flux in the limit cr-> oo m ust always refer 
primarily  to  the p lasm a electron gas fram e, no t the 
mass (ionic) fram e, see [6].

3. The Character of MHD Plasma Theory 4. The H all Term

E q u a t io n  (8) contains the mass velocity V in­
s tead o f  the p lasm a electron gas velocity. Text­
books  derive the first o rder  correction for such a 
confus ion  o f  fram es in the fo rm  o f  the add it ion  to
(8) o f  the Hall term

j  = a ( E +  V x B ) - / n eB ( j  x B / B ) . (9)

/ue is the electronic mobility and  ß eB  the so-called 
Hall param ete r .  It is usually expressed as the p ro d ­
uct o f  the electron m agnetic L a rm o r  angular  
frequency a>ge and  its collision time r e:

MqB — COgeTe , He — e Te/W e ,
coge =  e B / m c .

W ith  the electrons free to  perfo rm  m agnetic 
L a rm o r  gyrations, as they do  in any not too  dense 
and  m agnetized plasma, the Hall current te rm  in
(9) can exceed the left hand  side parallel current 
te rm  by an  order  o f  m agnitude or more. This is a 
generally observed, almost trivial,  fact in treaties 
on  M H D  generators and  M P D  accelerators. 
P ublished  fusion p lasm a theory , however, usually 
concerns instabilities, anom alities or singularities 
with respect to ideal or resistive M H D  theory.

The condition  for neglecting under non-stat ic  
conditions the Hall term brings back the ion colli- 
sionless skin dep th  A; and the p lasm a characteristic 
scale length L,  cf. (2). The  criterion for neglecting 
the Hall te rm  is [2]

X\ /L  , A? =  m\/no)e 1n \ . (11)

Tw o observations should be m ade  here.

i) The criterion may be well satisfied in the dense 
in ter ior  region o f  a magnetically confined high- 
density plasma. However, the decrease o f  p lasm a 
density tow ards  the p lasm a boundaries  causes the 
local A r value sooner or later to exceed any cha rac ­
teristic length L  o f  the p lasm a entity, and  then to 
go to infinity w hen reaching the vacuum  or neutra l 
gas region su rround ing  the plasma. In o ther  w ord ,  
ideal or  resistive M H D  theory  breaks dow n in the 
bo u n d a ry  region o f  any high-density p lasm a 
entity.

ii) The  pertinent dimension and  densities o f  the 
plasmas in present magnetic fusion research assem ­
blies o f  the “ main-line” types do  not satisfy the 
c riterion (11) for resistive or  ideal M H D  theory  
validity. F or  reasonable stability they have to
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opera te  at too  low density with, approxim ate ly ,  
L — Xj as their limit for  the ob ta inab le  p lasm a 
density  in a quasi s teady-state opera tion .  Fully 
ionized deu ter ium  o f  density 1013c m -3 yields 
A j = 1 0 c m .  Generally , increased p lasm a volume 
size requires decreased p lasm a density, with the 
line density  o f  straight an d  toroidally  bent dis­
charges being o f  the order  the inverse classical ion, 
no t electron, radius.

5. Elliptic M H D  Theory

E q u a t io n  (1) proves tha t  static p lasm a confine­
m ent requires the curren t density to be directed at 
an  angle to  the magnetic  field. This angle m ay be 
small if  the  m agnetic  pressure is m uch  larger than  
the p la sm a pressure, i.e. there is a /?-value <^1. 
T h en ,  as a limit,

Voj  =  l B .  (12)

If, fu r the r ,  the fac to r  A is taken  to be a constan t ,
(5), (6) an d  (12) yield the elliptic equation

\ 2B  +  A2B  =  0 .  (13)

Usually  (13) is referred  as to  follow from  the spon ­
taneous  re laxation  o f  a p lasm a magnetic field con ­
figura tion  in to  a m in im um  energy state [7] subject 
to  the  invariance o f  a certain volume integral, 
deno ted  the helicity K 0, an d  taken  over the con ­
f igura tion  as

K q =  \ A  B  dv,  B  =  c u v \ A .  (14)

A  co m bina t ion  o f  (12) an d  (14) directly proves tha t  
the  “ m in im ized” magnetic  energy is p ropo rt iona l  
to  the invarian t

W m =  \ \ j - A A v  =  k K 0/ 2 n 0 . (15)

In  [8] m odif ic iat ions o f  A ^ a re  discussed in o rder  to 
m a k e  it physically meaningful,  consistent and  
gauge invariant.  N o ting  the postu la te  character  in 
tak ing  A equal to  a constan t ,  [1] rejects elliptic 
MFID theory  ou tr igh t.

6. The Physics Behind the H M H D  Theory

As implied by the ac ronym  H M D H , also s tand ­
ing fo r  Hall  effect M agneto  H y d ro  Dynam ics, it is 
a m agnetized  p lasm a description that p roperly  ac­
coun ts  for  the H all effect, in contrast to the ideal 
or  resistive M H D  theory .  However, ju s t  the add i­

tion  o f  the H all te rm  in (9) is no  m ore  th a n  adding 
an  im p o r ta n t ,  missing term .

T he  M H D  theories discussed so far  involve three 
Maxwell field equa tions ,  (4), (5) and  (6). H M H D  
theory  derives f rom  the inclusion also o f  the four th  
Maxwell equa tion

£0d iv£ ' =  ^ e . (16)

£0 is the  perm ittiv ity  o f  free space an d  is the 
charge density, i.e. the p la sm a  excess charge.

T he  characteristic  p ro p e r ty  o f  the p lasm a state is 
its absence o f  m acroscopic  charge accum ulation ,
i.e.

6 e =  e (n  - n e) ^ 0  (17)

for  singly ionized ions. Basic treaties on  plasmas 
simply dismiss (16) as r e d u n d a n t  because o f  (17).
[9] is a n  ou ts tand ing  exception to  this, stressing the 
fu n d am e n ta l  na tu re  o f  the  seemingly con trad ic tory  
“ p la sm a ap p ro x im a t io n ” « ; =  n e bu t  div E  =£0 at 
the  sam e time.

T he  H M H D  p lasm a descrip tion  follows by im­
posing the charge neu tra lity  restriction u p o n  the 
elec trom agnetic  to rque  d is t r ibu t ion  between the 
tw o p lasm a particle species, electrons an d  ions. 
F o r  the  details o f  this deriva tion  see [2]. Essential­
ly, it is ju s t  the P en f ie ld -H aus  [10] stress tensors 
sym m etry  analysis applied  to  a  magnetized p lasm a 
subject to the charge neu tra lity  restriction. The 
centra l ou t-com e is the preferentia l to rque  and 
thereby angu la r  m o m e n tu m  transfer  by the electro­
m agnetic  field u p o n  the ionic  species in case the 
p lasm a exhibits H all  effect, i.e. w hen the electrons 
are free to p e r fo rm  L a rm o r  gyrations.

H M H D  is inherently  a two-fluids p lasm a de­
scription. It provides the  theoretical just if ica tion  
for  the  well-know n a n d  succesful “ ad  h o c ” Ion 
Vlasov Fluid  M ode l [11], where the ions are taken 
to respond  dynam ically  to  fields and  forces bu t  the 
electrons are seen ju s t  as a mass-less an d  charge- 
neutra liz ing b ackg round .  Such a  p lasm a b ehaviour 
conflicts with the long-standing  belief tha t  quas i­
neutra lity  implies an  equ ipar t i t ion  as to m agnitude 
between electrons and  ions in the mechanical 
angu lar  m o m e n tu m  transfe r  to  them  f rom  a ro ta ­
t iona l electric field. T h a t  belief, actually  a claim 
for  the validity o f  N e w to n ’s th ird  law, is totally  in­
correc t in contexts o f  charged  particle electro­
dynam ics [12]. A ngu la r  m o m e n tu m  also and 
always resides in the electrom agnetic  field, i.e. the
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relevant variable is the canonical,  no t mechanical,  
angular  m om e n tu m ,  and  charge neutra lity  can be 
sustained only by non-cen tra l  particle-particle 
interaction  forces, in v io la tion  o f  N e w to n ’s third 
law.

H M H D  thus explains an  Ion  Vlasov Fluid cha r­
acteristic o f  the decoupling in the ro ta t iona l  m o ­
tion o f  the p lasm a species. F ro m  the simple elec­
tron  m otion  equa tion

e n e{ E +  Vex B )  =  0 (18)

a curl opera tion  and  (4) yield

0 ß / 0 ^ -  curl (Vex B )  =  0 , (19)

which expresses the Lighthill [6] theo rem  o f  a p ­
p roxim ate  magnetic  flux conserva tion  in the  elec­
tron  gas fram e, no t mass f ram e. H ow ever,  the ion 
t ranspo r t  co un te rpar t  to  (18) m ust  include inertia,

n lm i d V i/ d t  =  e n i ( E + V i x B ) ,  (20)

This equa tion  implies

0 ß i / d t  =  curl ( F j X ß j ) ,
(21)

ß j  =  curl V̂  +  QB/m\  ,

which expresses conservation  o f  canonical,  i.e. 
m atter-plus-field  angular  m o m e n tu m .  This p ro p e r ­
ty is the central fea ture  o f  the  H M H D  p lasm a 
description. Physically, it ju s t  describes how  the 
to rque  associated with the inductive electric field in 
the m oving ionic mass f ram e  acts preferentially  on 
the ion gas so to speed up  o r  re ta rd  ro ta t ion .

A n  im portan t theoretical result has recently  been 
ob ta ined  abou t plasmas obeying H M H D  theory , 
see [13]. By use o f  varia tional calculus in m in im iz­
ing the to ta l f ield-plus-kinetic energy o f  an  incom ­
pressible cylindrical p lasm a a  general relaxation  
tow ards a non-fo rce  free final stage was proved 
with the ion p lasm a wave-length Aj =  c/a>pi as the 
na tu ra l  scale length, cf. (2) a n d  (11).

Indeed, observa tions seem to suppo r t  this im ­
po r tan t  results, in conflict with ideal or  resistive 
M H D  theory. M agnetized plasm as in astrophysics 
exhibit ro ta t ion  ra ther  as a rule th a n  as an  excep­
tion, an d  the rem arkab le  resilience o f  labo ra to ry  
ro tat ing  ion p lasm a rings has been well know n  but 
not well unders tood .

7. H yperbolic M agnetohydrodynam ics, H M H D

E qua t ions  (19) expresses the app rox im ate  con ­
servation  o f  the canonical vorticity ß ,  a long the 
streamlines o f  m o tion  defined by the velocity V\. 
If, initially, ß ,  =  0 it remains so, and

curl V\ =  e B / m \ . (22)

W ith  electrons “ frozen” to field lines the current 
density is taken  to be ionic:

cu r l /?  =  n § e n x V; . (23)

This equa t ion  pair  (22) and  (23), resembling the 
L o n d o n  equa tions  o f  superconductiv ity  theory, 
directly yields a p lasm a Meissner effect differentia l 
equa t ion  o f  hyperbolic type,

\  2B  -  X [ 2B  =  0 (24)

for  m odera te  varia tions in p lasm a density, grad  
In /7j — 0. The q u a n tu m  supercurrents  o f  the Meiss­
ner effect co rrespond  in the p lasm a case to  induc­
tively driven ion currents ,  form ing separate  m ag­
netized whirl structures, eventually with equiparti-  
tion between field and  kinetic energies, in accor­
dance with the theoretical relaxation predic tion  o f
[13].

As m entioned , any “ m agnetic b o t t le” conf igu ra ­
tion for  confin ing a high density p lasm a entity has 
to  include a p lasm a edge region o f  lower density 
su r round ing  the higher density inner parts .  This 
implies a crucial enclosure region in which the cen­
tral region diffusive M H D  theory, c.f. (7), crosses 
over into  its hyperbolic coun terpar t ,  c.f. (24). 
Indeed, a bewildering m ultitude o f  p lasm a edge or 
b o u n d a ry  phen o m en a  (H- and  L -m ode transitions, 
particle emissions, magnetic island fo rm a tion ,  
rad ia t ion  bands ,  etc.) appears  to  be characteristic 
p roper ty  an d  m ain  obstacle in magnetic  confine­
ment research [14].

F ro m  the theory  o f  [13] and  the  ana logy  to 
superconductiv ity  phenom ena  one m ay  expect, in 
par t icu lar,  the spon taneous  fo rm a tion  in the edge 
region o f  filaments, actually d iam agnetic  whirl 
s tructures ,  superim posed u pon  the initial confin ing 
field. Being “ fed ” by this field such whirls “ e a t” 
their  way into regions, o f  higher p lasm a density 
and  higher field s trength, u ltimately ru ining any 
p lasm a confinem ent.  So-called m -num ber  in­
stabilities o f  ju s t  this character  norm ally  occur in 
experim ents to confine high-density p lasm as m ag­
netically [15].
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T he  hyperbolic H M H D  theory  concerns the 
shifting between the  field and the m a tte r  parts o f  
the approx im ate ly  conserved canonical angular 
m o m e n tu m  for the  p lasm a heavy species. O f  
course , this shifting has its co u n te rp ar t  as to 
energies involved, in part icu la r  observed transfers 
o f  m agnetic  field energy  into kinetic energies such 
as mass m otions,  par t ic le  emissions, heating and  
tu rbulence.  Such p h e n o m e n a  are usually  referred 
to  by the  expression “ m agnetic field line reconnec­
t io n ” an d  “ exp la ined” in terms o f  diffusive or 
elliptic M H D  theory  augm ented  by anomalies,  
instabilities or, p referab ly ,  singularities, see e.g. 
fou r  extensive reviews in [16].

8. In C onclusion, N on-therm al M agnetic Fusion

T he  properties a n d  perfo rm ance  o f  the dense 
p la sm a  focus differ  drastically com p ared  to the 
m agnetic  con f inem en t therm al fusion [17]. Under 
op tim ized  conditions its fusion neu trons  emission 
exceeds tha t  o f  a  co rresponding  therm alized 
p la sm a by one or  m o re  orders o f  magnitude, 
a lready allowing for  realistic ex trapolations,  based 
on  experim ents,  up  to  fusion reac to r  levels [18]. 
M ost neu trons  are d u e  to  the in te raction  between 
relatively low density  (1017-  1018 c m ~ 3) plasma 
structures  and  m ed iu m  energy (less th a n  100 keV)
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ions confined  for  a long per iod  o f  t ime in a self­
sustained m agnetic  con figu ra t ion .  T he  accelerating 
electric field can only be o f  inductive origin, and  
they arise u p o n  fo rm a t io n  or  d is rup tion  o f  in ten­
sely magnetized H M H D  whirl s tructures  (“ Bostick 
whir ls” ) theoretically  ob ta inab le  by a generaliza­
tion  o f  the Bennett  rela tion  [19].

A ccord ing  to  the generally accepted  thinking, 
fundam en ta l  fo r  m agnetic  confinem ent fusion, 
beam -targe t  nuclear  energy p ro d u c t io n  is ru led  out 
by higher energy cost o f  b ea m  th a n  energy yield 
f rom  fusion. This result has been taken  as an  
a lm ost trivial consequence o f  the very small 
p robabil i ty  or cross section fo r  a nuclear  fusion 
reaction  com pared  to  those fo r  scatterings. The 
copious fusion neu trons  emission f ro m  p lasm a 
foci, caused by reactions with magnetically  co n ­
fined ions beam s, p rove a con trad ic t ion  to  this 
very fo u n d a t io n  a b o u t  the necessity for  thermo­
nuclear  fusion energy. The  H M H D  p la sm a de­
scription provides the explana tion : T h e  simple 
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